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Calculator Free

1. [7 marks: 1, 3, 3] [TISC]

Given u =4 cis [g) and v =2 cis (k—;) where k is a real number.

(a) f2<k<4, find had in r cis 6 form where -n < 0 < .
v

(b) Find u X vinrcis O formwhere2<k<4and n<0<m.

(c) Find k given that v is one of the square roots of u.
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2. [9 marks: 3, 3, 3] [TISC]

[of)-im(

5n
6 - , .
TN T giving your answer in exact cis form.

11t .
+
4a[cos[ 12) Ism( 12)

(a) Simplify

(b) Simplify | cis| 3 , J wherek=0,1,2,3,4,5, .....

Give your answer in exact cis form.

(c) Solve exactly for 6 where -t <6 < min
(cos © + i sin 0) X (cos O +1sin 6) = 1.
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3. [6 marks: 3, 3] [TISC]

1

(a) Find n given that ——— —
cos 30 +i sin 30

= [cis 0 ]"

z—2
z+2

(b) Given that

| =1, where z # 0, show that z is completely imaginary.

4. [5 marks] [TISC]

Consider z° = 51-2- Use De Moivre’s Theorem to find all five roots of this

equation. Show clearly how you obtained your answer.
Give your answer in cis form.
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5. [5 marks] [TISC]

Consider the equation 2" = a + bi. When plotted on an Argand diagram, two

immediate adjacent roots are ms[%J and cis(%—]. Find the value(s) of n, and

corresponding exact values of a and b. Justify your answer.

e ——

6. [5 marks] [TISC]

Use De Moivre’s Theorem to solve z* =1 +i. Leave your answers in exact polar

form. To obtain full marks for this question, you need to show how De Moivre's
Theorem is used to obtain the answers.
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7. [9 marks: 4, 2, 3]

(a) If z=cos 0 + i sin 0, show that cos nf = l[r" +%} and sin 1B = 2 [z‘“’ —l)

2 2i z"

(b) Hence, show that tan 6 = t[izz;]

(c) Use the result in (a) to prove that cos'0 — sin’® = cos 26.
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8. [8 marks: 5, 3] [TISC]

(a) Use De Moivre's theorem to show that

cos(60) = -1 + 18 cosz(e) - 48 cos4(9) + 32 c056(9) _
The following identities may be useful.

@+b)°=a"+6a’b+15a'b" + 206> + 154%* + 6ab° + b°
sin®@ =1 -3 c0s°0 + 3 cos 0 — 05’6

sintd=1-2 c0529 + cos'}@

(b) Hence, or otherwise, find the exact roots of the equation
32x° - 48x* +18x" -1 =0.
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9. [7 marks: 3, 2, 2] | TISC]
1

Letw=2z+ —.

- 3 d 3 1 7 1 1
It can be shown thatw” + w" - 2w-2= |2+ |+ |2+ | + | z+—|.

< Z Z
Given that z = ¢is 0, a commonly used result is z" + —I; =2 cos no.
2

(a) Show that solving w +w -2w—-2=0is equivalent to solving
cos 30 + cos 20 + cos 0 = 0.

(b) The solutions to w +w —2w-2=0are-\2,-1and V2.

1 V3.

Explain clearly why the solution w = -1 implies that z = 3 + -

(c) Hence, find one solution to cos 30 + cos 20 + cos 0 = 0.
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10. [13 marks: 4, 2, 2, 5] [TISC]
Let z = cis 0.

1

(a) PIOVE that Z” + -? =" cos no.
Z

(b) fw==z+ -1, prove that
z

W’ +w*-2w-2= (:r:+lj+(z2 +—1:2-)+(z3 +-}3—J
Z
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10. (c) Use parts (a) and (b) to show that the equation cos 0 + cos 20 + cos 30 = ()
can be rewritten as w’® + w* - 2w -2=0.

(d) Given that —nt <0 <, use part (c) to solve for ® where
cos 0 + cos 20 + cos 30 = (.
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11. [9 marks: 2,2, 3, 2]

)

(a) Let Z0 = 2 CIs (g .

)
(i) Show that 205 = -32.

(i) Hence, find four other complex numbers in polar form where -t <0 S &
such that z° = -32.

(b) Determine cis [—2—-) + cis [—-2—) in the form a + bi.
. (O 0) _ . (O
(c) Use your answer in (b) to prove that 2 cis (E) COS [:1-] =1 + cis (—2-)
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12. [7 marks: 4, 3] [TISC]

(a) Use de Moivre’s Theorem to solve the equation 2*+16=0
where z is a complex number. Give your answer in cis form.

(b) Use your answer in (a) to factorise Z' +16.
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FX T — 2. [9 marks: 3,3, 3] [ TISC]
1. [7 marks: 1, 3, 3] [TISC] d EAWU i mmm:h.mlq&
T 6
, (a) Simplify —— TR T giving your answer in exact cis form.
Given u =4 cis ﬁmW and v=2cis ﬁﬂnu where k is a real number. ﬁ v * H.mmnﬁ J

(a) f2<k=<4,find = in rcis 6 form where -1 < 0 < 1.

(b) Find u x vin rcis 0 form where2<k<4and -n<0<n

. (n kn m+mwn
up =8 cis A.M+Mw v (b) Simplify | cis| *~—— , wherek=0,1,2,3,4,5, .....

5
n(k + :w P '.
Giv answer in ex .
Ak +1) HL 3 e your ans exact cis form.

(c) Solve exactly for O where-n <08 <min
(cos B + i sin 0) X (cos 6 + i sin 6) = 1.

| (cosO+isind) x (cosB+isin0)=1

| = asBxXcs0=1]
cis20=1 &

20=0, 2n

_ = 0=0,n

A
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v (R RREd [TI1SC] 5. [5 marks| (T1SC]
(a) Find n given that - ._. = [cis 0] Consider the equation z" = g + bi. When plotted on an Argand diagram, two
cos 30+ sin 7 .
immediate adjacent roots are ﬁ.mﬁ..mu and E.mﬁﬂmw . Find the value(s) of n, and
— 1 = is0-cis30 v
cos 3041 #in 30 i corresponding exact values of a and b. Justify your answer.
- Lis |-
| = [cis 0] v
_ RINEIOR 0 . Angular difference between roots = m :
-—
7272 Inﬁnﬁ:n.ﬂg:_:uamrw-a.
2

(b) Given that =1, where z # 0, show that z is completely imaginary.

z+2
As the roots are adjacent and immediate,

Letz = x +iy. B . o D nns
-2 .
A & ¥ —HIN_I_H+H_ d Hu:lnhq._wll...mw-
(x-22+ = (x+2)% + 2 v
Podx+d=Prax+4 -
y =) v
Hence, z = iy which is completely imaginary.
- 6. [5 marks] [TISC]
4. [5 marks] [TISC]
Use De Moivre’s Theorem to solve z*' =1 +i. Leave your answers in exact polar

form. To obtain full marks for this question, you need to show how De Moivre’s

Consider z° = I.- Use De Moivre’s Theo . _ ts of this
32 eorem to find all five roo Theorem is used to obtain the answers.
equation. Show clearly how you obtained your answer.
Give your answer in cis form. 2 = V2 cis m
ulen :wﬁ:uxﬁw mEE v
) 3 ‘_
- u.n. 1 -hl
¥ , [9n
¥ (32). i
Y% . [ 15=
2 (- 22), d
% 7n
” il Tm Y

e
—— e N

I= P Bt b

—
(X

.
_— "y

—
-
nl‘;’
"_;

1]
F
P = R3] -
"'_"‘

o

I
et | Gl | ]
=I-I= Eil:l-
e —

“
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7. [9 marks: 4, 2, 3] 8. [8 marks: 5, 3] [TISC]
1 ; 1 1 T 1 ﬁ 1 w (a) Use De Moivre's theorem to show that
2 = | Si = —2'+t—|andsinng = — |z ——|.
(a) If z = cos § + i sin 6, show that cos = mT z" w 2i Z cos(60) = -1 + 18 _..,n.mm_HE - 48 Emh_“m__u_ + 32 nomma_u_ :

The following identities may be useful.

2= (cos O +isin @) . _ (a+b)° =a"+6a°b + 15a°b" + 20a°6° + 15a°b" + 6ab” + b°

= cos nl + i sin n@ ] * 5 4 .
_Mlul_”.nﬁmm.__._.mmﬁ@”-li | m—ﬂ@mﬂulmﬁﬂmAw..Twﬁﬂm 0-cos B
= cos (~n0) + i sin (-n6) | sin‘d =1 - 2 cos°0 + cos'0

= ¢os 10 = 1 sin no Il v

1+1I T;’Pwnmnﬂ_& v AﬂmEmnﬁnﬁmimw:E@

oA

— cos nd = _T_‘,Py ﬁom@mf.mp:mmunammm+mnummm_ﬁmm:3+.—m3ﬂa:ﬂ:3u

A +20 cos’0 (i sin 8)* + 15 cos’0 (i sin 6)°
[—1I T-L = 2i sin n6 v + 6 cos 0 (i sin 8)° + (i sin 6)° i
"
Equate real part:

1 1
T:u.ﬂu cos 60 = cosb0 — 15 cos?0 sin? 6 + 15 cos20 sin? 0 - sin® 0 v
= c0s%9 - 15 cos*0 (1 - cos? ) + 15 cos?0 (1 - 2 cos? 0 + cos*d)
- (1 =3 cos?0 + 3 cos?0 — cos®0)

= -1 + 18 cos20 — 48 cos*0 + 32 cos®h.

N S

(b) Hence, or otherwise, find the exact roots of the equation
32:% - 48x* + 183" -1 =0.

Let x = cos 0.
Hence, equation becomes:

32 cos®0 - 48 cos*0+ 18 cos?0 -1 =0 v

But 32 cos®0 - 48 cosi0+ 18 cos?0 -1 = cos 60.
Hence, cos 60 = 0.

n 3n Snm 7n @HE >
a0 B ol T A

n In Sn 7n 9 lin
032 2 12 12

Therefore, solutions are:
n In on mn On 1§, p

H-Em‘naumﬁﬂuﬁ.gﬂu.nﬁm.nﬂ.ﬁl
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9. [7 marks: 3,2, 2] [TISC] 10. [13 marks: 4, 2, 2, 5] (TISC)
H Let z = cis 0,
Letw=z+ ==
.n. y . B 2,1 )+ n+m,w. (@) Prove that 2" + IH._r = 2 cos n0,
It can be shown that w” + w® - 2w -2 = T - ) TR Z g
. e 1 22cosnd. [ o S &
Given that z = cis 0, a commonly used resultis 2 r | 2=cs0 = 2" =cisnd and - (=n0)
Ivi LHS=2" + *
(a) Show that solving w' + w* - 2w - 2 = 0is equivalent to solving i z_m_.."+ cis (=n0) p

cos 30 + cos 20 + cos 0 = 0,

= ¢os n0 + 1 sin n0 + cos (-n0) + i sin (-n0)

b+ led

=2 cos30+2cos 20+ 2cos 0, _ a 2 cos n0 = RHS

Hence, w0 + w’ - 2w - 2 = 0 is equivalent to
2cos30+2cos20+2cos0=0.

= cos n0 + i sin n0 + cos (n0) = i sin (n0)

1
=_u+=_.._|muunmn—...u.|£ L Tu+|.; " v

ﬂ._“vv Ifw=z+ m...._. prove that

(b) The solutions to Eu + Eu -2w-2=0are ..;___m_, -1 and ,._.m_ »

1 f3

Explain clearly why the solution w = -1 implies that z = e + £y s

(¢) Hence, find one solution to cos 30 + cos 20 + cos 0 = 0.

Omne solution to Eu + Eu -2w=2=0isw = =1, |A

" 1,43, 1 1y.9)
= -1 is equivalent to z = - - “_.,.mn. . xpand( .”.._;Wv m:_;n._...__Tﬂu.._u..u__..n__:.nq__u_r ’
olnce z = ¢z O immul.w.n%h i
nﬂwmj_:.mm:m__.nlmnm...

2 2
= cosO=-1 = .“_-w..m
....._.n._n in

n = g
and sin 0 5 = 0= »
Hence, = mum v
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10. (c) Use parts (a) and (b) to show that the equation cos 0 + cos 20 + cos 30 = ()

11. [9 marks: 2, 2,3, 2]
can be rewritten asw0° + w* -2w-2=0.

(a) Let z, =2 cis ﬁg

(1) Show that N:m = -32.

From (a): 2cos @ = T._.

ri | -

, 20820 = ..n.h+P and 2cos30 = nw+P
7* 7>

. 1 1Y 1{ » 1 1{ 5 1 12
Hence: 0 + cos 20 G = l§e 2 — |
ence: cos ) + cos 20 + cos 30 NT+L+MT +uuu+mT +nuw uumlﬁmn__mﬁ.mu uan_.._"ﬁmeu 3
Therefore: cos 0+ cos 20 + cos30=0 32 cis (n) s 3
( =32 cis (n) = -
= MT+MH+MTH+PH+W ~u+Pu|= v
2 z) 2 ) 2\ 7>
i - ' .
T.Lw__.muu._.lﬂi.' Hu._.mw,g = () (ii) Hence, find four other complex numbers in polar form where -n <0<
2
~ z \ H such that z° = -32.
But from (b): T+|w+ﬁuu+|.._mu+Tm+|w.._E...._.Eulu.uln ' :
- z 7
_
Hence: cos 0 +cos20+cos30=0
is equivalent to w’ +w - 2w-2=0

(d) Given that ~nt <8 < &, use part (c) to solve for 6 where
cos 0 + cos 20 + cos 36 = 0.

From (c): cos0+cos20+cos30=0 1
is equivalentto  w’ +w'-2w-2=0
Solving for w: w=-1, +:/2 v

m:_"E..u+w = H+Wllrn....m v
z
1

Butz+ — =2cos 0 = 2cosf=-1, +/2
i

Hence solution for (l) is:
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12. (7 . [TISC)
|7 marks: 4, 3) Calculator Free
i R =
(a) Use de Moivre's Theorem to solve the equation u . .“E = () 1. [11 marks: 3,3, 5]
where z is a complex number. Give your answer in ¢is form.
3 = e (a) Prove that if (x - nwu is a factor of the real polynomial f(x), then (x —a) is
| m. ==-16 a factor of f'(x) where f’(x) is the derivative of f (x) with respect to x.
2 =16 cis (n + 2nn)
.._| —
| . __mniiuau:,. If ?.nam__m..:.ﬂ_m_ﬁ of f(x), then
| 22 (22227) f(9) = (x=a) % Q). g
T f(x) = 2x = a) % Q(x) + (x - a)° x Q'(x) /
2= 2cs Mmuq 2 cis ﬁ%u, Si(a) =2(n—a)*Qa) + (a :au.u x Q'(n)
= () v
2 el Mtﬂw. 2 ois M:MV Hence, (x = a) is a factor of f*(x)
(b) Use your answer in (a) to factorise 2! +16.
= = T3 ..m 3 H | IH i "
2= 2 (1 TW,ME h r u.mn_mﬁ y u,uﬁ. AIMw
=V2Z+0), V2 (140, V2 (-1-0), V2 (1-0) v
_._E._Eu_:mu_ulf__.m 1+ D)z~ V2 (<1 - - |
S ._F b () (x+ H.n is a factor of 217 + ax- + bx* — 4. Determine the values of a and &.
B e e FraEEY
Let f(x)=2x +ax" +bx -4
a - 4b-4=0
[(-2)=0 = 32 m__.__+m.q.._m_lﬂ | v
f'(x) = 8x° +3ax" + 2bx d
(=2)=-64 +12a-4b =0
/(=2 e N1l Il v
1 a=9 v
- b=11 ¥
e ———————
- 40 S




